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Abstract

The wake structure and the performance of flapping airfoils are
tightly connected to the kinematics and the flexibility of the air-
foils. For rigid airfoils, Strouhal number (St), which is linked to
the arrangements of the vortices in the wake, characterizes the
influence of the kinematics. At large St vortex street behind the
airfoil shifts from a symmetric to an asymmetric(deflected) con-
figuration. In this study, we aim to investigate how flexibility of
the foil influences wake deflection across a range of St by em-
ploying a two-dimensional boundary element fluid solver which
is strongly coupled to a torsional spring structural model. It is
found that the jet deflection dependence on Strouhal number
vanishes for flexible systems. A dipole model better explains
the symmetry-asymmetry characteristics of the wake. Together
with the dipole model, the amount of phase delay in the first
flapping cycle turns out to be the critical parameter which de-
termines the wake symmetry.

Introduction

Fishes control their flexible appendages either actively or pas-
sively to propel themselves. The flexibility of the appendages
has a major impact on the performance characteristics. A vast
number of studies are conducted to understand the effect of
chordwise flexibility on the propulsors and the optimum kine-
matics to drive them [12]. Gains of both thrust generation and
efficiency is observed with proper selection of kinematics and
structural stiffnesses which eventually dictates the bending pat-
tern over the propulsor [1, 11].

An important kinematic parameter of a flapping system is
Strouhal number(St), which is defined as St = f A/U , where f
is the flapping frequency of the propulsor, A is the amplitude of
motion and U is the free stream velocity. The flow field depen-
dence of oscillating airfoils on Strouhal number is first studied
by Jones et. al. (1998) both numerically and experimentally.
Gradually increasing Strouhal numbers from 0.29 to 0.6, they
observed a drag producing Karman vortex street, thrust produc-
ing reverse Karman vortex street and a deflected reverse Kar-
man vortex street, respectively, behind a plunging airfoil. Fur-
ther experimental and computational studies suggested that the
transition from a horizontal to deflected vortex street happens
around St ∼ 0.4. [2,3,4,5].

Strouhal number essentially determines the arrangements of
vortices in oscillating systems. The connection of the vortex
spacing and the deflected jet formation is first introduced by
Emblemsvag et. al. (2002). They suggest that pitching at high
frequencies increases the strength of shed vortices, as well as,
decreases the spacing between them, hence forming dipoles. In-
stead of using a Strouhal number threshold, Godoy-Diana et. al.
(2009) developed a vortex dipole model to obtain the symme-
try characteristic of the wake. Model compares a dipole veloc-
ity(translation speed of the dipole) and the induced velocity of
the rest of the vortex street on dipole to determine the stability
of the vortex street. Recently, Zheng & Wei (2012) proposed
a simpler condition involving two consecutive dipoles for sym-
metry breaking behavior. Wake symmetry is preserved if the

induced velocity of two consecutive dipoles are identical; oth-
erwise, symmetry breaking occurs.

Introducing flexibility to an oscillating system is observed to
inhibit the wake asymmetry. Marais et. al. (2012), conducted
experiments and compared a pitching rigid airfoil with a flex-
ible one. It was found that the jet behind the flexible airfoil
remained symmetric for sufficiently large flapping amplitudes
and chord-based Strouhal numbers. They concluded that the
interaction of the shed vortices with the flexible structure neu-
tralizes the deflection of the propulsive jet. Recently, Zhu et.
al (2014) computationally studied the effect of the flexibility on
wake symmetry properties with a larger parameter space and
reported that flexibility can either inhibit or trigger wake sym-
metry breaking depending on the change in the effective angle
of attack and the change in the trailing-edge flapping velocity
of the airfoil.

In light of the above observations, we conducted a computa-
tional study to compare the flow structures of rigid and flexible
pitching airfoils. Flexibility of the airfoils is modeled with a tor-
sional spring which is located at the leading edge. A range of
pitching frequencies and flexibilities are investigated to charac-
terize the wake deflection across a range of Strouhal numbers.

Analysis

Computational Model and Validation

To model a high Reynolds(Re) number fluid flow, the field is as-
sumed inviscid, irrotational and incompressible around the air-
foils. The boundary layer next to the solid boundaries is very
thin at high Re flows and, to a very good approximation, viscous
effects become negligible. If the fluid is considered to be incom-
pressible and irrotational, the continuity equation reduces to the
Laplace’s equation, ∇2φ = 0, where φ is the velocity potential
in the fluid domain. Following Katz & Plotkin, the solution to
Laplaces equation is found by distributing source and doublet
singularities on the problem boundaries(SB,SW ), as illustrated
in Figure 1 [7]. The boundary conditions need to be satisfied
are;(1) the velocity component normal to the body’s surface
must be zero(no-flux boundary condition), (2) the disturbance
created by the flow should decay far from the body(far-field
boundary condition). The elementary solutions of the doublet
and source both automatically fulfill the far-field boundary con-
dition. No-flux boundary condition requires constant velocity
potential inside the boundaries. Therefore, a general solution to
the Laplace’s equation can be written for an arbitrary point(P)
inside the surface SB as;
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where σ and µ are the strengths of source and doublet elements
on the boundaries, respectively. φ(P) is the velocity potential of
an arbitrary point, P, within the boundaries SB, φ∞ is the velocity
potential at infinity and r is the distance from the singularity to



Figure 1: (a) The schematic of an airfoil whose body and wake
domains(SB,SW ) are discretized into elements. Each body ele-
ment has a constant strength doublet (µ) and a source (σ) sin-
gularities whereas wake elements only have a constant strength
doublet (µ) singularity. The normal vectors of each element is
also shown as n. (b) The schematic of the torsional spring model
with the spring constant kθ, input pitching angle of θin and out-
put passive pitching angle of θout

the point of interest (P location). Setting the internal velocity
potential to the constant velocity potential at infinity, φ = φ∞,
reduces the equation (1) to a simpler form:
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To solve the problem numerically, the geometry is divided into
N panels, as shown in the Figure 1(a). The source strength is
set to the prescribed value of σ = n ·Q∞, where n is the normal
vector on the surface pointing inwards and Q∞ is the velocity far
away from the body, and the integration is performed for each
panel such that;
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N is the number of body panels and Nw is the number of wake
panels.

This numerical scheme leads to N+1 unknowns(N body dou-
blet strengths and the doublet strength of the first wake element)
with N linear equations, one for each body panel element. To
solve the linear system, explicit Kutta condition is forced in the
trailing edge. The doublet strength of the first wake panel be-
comes; µw =−(µ1−µN) where µ1−µN is the vortex strength at
the trailing edge and µw is the doublet strength of the first wake
panel.
At every time step, a panel element with a known doublet
strength advects from the trailing edge with local velocity, rolls
up and forms vortices in the wake region. During the roll up
process, the ends of the wake doublet elements, which are point
vortices, must be de-singularized for the numerical stability of
the solution [8]. At a cutoff radius of ε/c= 2.5×10−4 , the irro-
tational induced velocities from the point vortices are replaced

Figure 2: Coefficient of thrust and power as a function of re-
duced frequency. Solid lines are reproduced from Moore (2014)
and show the analytical results for 3 different K values and black
dots are our simulation results

with a rotational Rankine core model. The tangential pertur-
bation velocity is found by local differentiation of the velocity
potential. Then the pressure field acting on the body is calcu-
lated using unsteady Bernoulli equation.

A lumped flexibility model is used which consists of a torsional
spring placed at the leading edge of the airfoil. The structure
model is assumed ideal with no damping. The governing equa-
tions of the structure is therefore reduced to:

mθ̈+ kθθ̇ = M f luid +Minertial (7)

where M f luid and Minertial are the moments due to the fluid pres-
sure and inertial effects, respectively. m is the airfoil mass and
kθ is the spring stiffness constant. The governing equations of
the solid are discretized using the trapezoidal rule, which is sec-
ond order accurate in time, resulting in the following equation:

[kθ +(2/δt)2m]θn+1 = M f luidn+1
+Minertialn+1

+m[(2/δt)2
θn +(4/δt)θ̇n + θ̈n]

(8)

Magnitude of the fluid and inertial moments at the present
time step are not known. Thus, equation above is solved
iteratively for θn+1 until the convergence criteria is met;
‖θn+1

i+1−θn+1
i‖ ≤ ε. Where ε is the tolerance and is set to

10−7. An Aitken under relaxation method is used to improve
the convergence rate.

The in-house solver is validated against an analytic model, so
called torsional flexibility model, where a torsional spring is
attached to the leading edge of a rigid airfoil. Moore (2014)
obtained exact solutions for thrust and power by linearizing in-
compressible Euler equations using small amplitude motion as-
sumption [10]. For the validation cases, we actively controlled
the leading edge of the thin airfoil with a small amplitude heav-
ing motion, as small as 0.1 % of the chord length(c = 0.1m),
and trailing edge followed with passive pitching. The results



Figure 3: The comparison of a rigidly pitching airfoil(a), with
airfoils of different non-dimensional flexibilities at St ≈ 0.5,
Π = 0.1 (b), Π = 0.2 (c), Π = 0.3 (d), Π = 0.4 (e),Π = 0.5
(f). The red and blue vortices represents the counter clockwise
and clockwise vorticity, respectively.

are shown in Figure 2 for 3 different K values. K is a non-
dimensional parameter, showing the ratio of spring stiffness to
the fluid forces; K = kθ/ρU2

∞c2, where ρ is the fluid density
and U∞ is the free-stream velocity. We observed a remarkable
collapse of our simulation results with the analytical model, for
both thrust and power coefficients as the non-dimensional driv-
ing frequency, σ = π f c/U∞, is varied.

Problem Formulation and Parameter Space

Computations are performed on two-dimensional 10% thick
teardrop airfoils undergoing pitching motion. The flow struc-
ture of rigid airfoils are compared against flexible counterparts.
Flexibility is modeled with a torsional spring in the leading edge
as shown in Figure 1(b). Flexible airfoils are pitched actively
from their leading edge and the trailing edge passively deflects
in response to the forces acting on it. A non-dimensional flexi-
bility Π, the ratio of fluid forces to the spring forces, is defined
as Π =

√
ρ f 2c4/kθ. A rigid airfoil and 5 different flexible air-

foils with Π values of 0.1, 0.2, 0.3, 0.4, 0.5 are compared. Fre-
quency is varied from 0.2 Hz to 2 Hz with increments of 0.2
Hz.

For all computations, free-stream velocity is set to 0.1m/s and
chord length of the airfoils is c = 0.1m. A virtual drag law is
applied on airfoils to satisfy a steady state solution in an in-
viscid environment. For high Reynolds numbers, drag law is
D = 1

2CdSwU2 where ρ is the density of the fluid, Cd is the co-
efficient of drag and Sw is the wetted surface area.

Results and Discussion

Figure 3 shows flow fields of 8 cycles of oscillations of a rigid
and 5 different flexible airfoils. Trailing edge is passively de-

Figure 4: The flow fields of non-dimensional flexibilities of
Π = 0.2 (a), Π = 0.3 (b), Π = 0.4 (c) at St ≈ 1.2. The red
and blue vortices represents the counter clockwise and clock-
wise vorticity, respectively.

Figure 5: Schematic representation of two consecutive dipoles,
A-B and B-C, together with the related parameters to calculate
the induced velocities, U1 and U2.

flecting, hence, fixing the Strouhal number to an exact value is
not possible. Therefore within some tolerance, Strouhal num-
ber is set to St = 0.5±0.04. Actual downstream location of the
vortex streets are shown without any scaling. Figure 3(a) shows
the rigid case and flexibility of the airfoils increase going down-
wards in the figure. It is clear that at St ≈ 0.5 rigid airfoil gen-
erates a deflected vortex street starting around 2 chord lengths
downstream of the trailing edge. As flexibility increases, de-
flected jet first shifted back 5 chord lengths downstream in Fig-
ure 3(b) and vortex street becomes symmetric, Figure 3(c). Un-
like the computational work conducted by Zhu et. al. (2014),
further increasing the flexibility in our simulations did not trig-
ger any symmetry breaking of the wake (see Figure (d), (e), (f)).
Our model does not take the leading edge separation into con-
sideration and even operating at structural resonance frequency,
we observed a maximum angle of attack of 23◦. Zhu et. al.
modeled the leading edge separation in their study and their pas-
sive pitching amplitude went up as high as 50◦. The separated
flow from the leading edge interacts with the strong vortices
shed from the trailing edge and leads to a deflected jet even for
flexible cases.

A symmetry breaking threshold Strouhal number of around 0.4
is reported in the literature for rigid airfoils. Figure 4 repre-
sents the flow fields of 3 different flexible foils pitching with
a St = 1.17± 0.01. Although vortices are spaced very closely,
the symmetry of the vortex street is preserved. It is clear that
adding flexibility to the system makes Strouhal number an ir-
relevant parameter to determine the symmetry breaking phe-
nomenon. To study the deflection characteristic of the wake,
a dipole model can be used which was initially proposed by
Zheng and Wei (2012). A schematic representation two con-
secutive dipoles are shown in Figure 5. Vortex A and vortex C
induce velocities of U1 and U2 on vortex B with angles of α1
and α2, respectively. The magnitude of the induced velocities
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Figure 6: The trailing edge amplitudes normalized by the maxi-
mum amplitude of a rigid, blue, and 2 different flexible airfoils,
red Π = 0.3, green Π = 0.5 as a function of 8 pitching cycles.

are determined by the Biot-Savart law as;

U =
Γ

2πr
(9)

where Γ is the vortex circulation and r is the distance in be-
tween two vortices. In a symmetric vortex street the lateral
components of U1 and U2 cancel each other out leaving the
only induced velocity on vortex B in the horizontal direction.
However, if the symmetry of the street is disturbed, the lateral
velocity induced on vortex B becomes non-zero and deflection
occurs.

The dipole model can be used to explain the flow fields observed
in the current study. The trailing edge amplitudes normalized
by the maximum amplitude across 8 flapping cycles is shown
for one rigid and 2 flexible airfoils in Figure 6. For the flexi-
ble airfoils, a phase delay happens in between the input motion
and the trailing edge motion in the first cycle. Consequently,
although the vortices shed in the first cycle, together with the
starting vortex, induce velocities with lateral components on
the newly shed vortices, they convect further away downstream
which in turn decreases their induced effect on the newly shed
vortices. This mechanism prevents the jet inclination for the
flexible airfoils. However, for the rigid case the motion is pre-
scribed and there is no extra time for the first shed vortices to
convect downstream. Additionally it can be observed that as
flexibility increases, phase delay also increases. Thus, a large
enough flexibility will create a long enough phase delay for at-
tenuation of the induced velocity of the existing wake on the
newly shed vortices.

Conclusion

In conclusion, consistent with the previous literature, we ob-
served that introducing a flexibility model to a rigid airfoil in-
hibits the symmetry breaking phenomenon even for Strouhal
numbers as high as 1.2. The jet deflection dependence on
Strouhal number vanishes for flexible systems. A dipole model
better explains the symmetry-asymmetry characteristics of the
wake. Together with the dipole model, the amount of phase
delay in the first flapping cycle turns out to be the critical pa-
rameter which determines the wake symmetry.

This study does not model leading edge separation. However,
the maximum pitching angle is limited to 23◦. For pure pitching
motion, especially for high Strouhal numbers, the leading edge
vortices would be weak and we do not believe that the observed
flow field results would change dramatically.
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